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Abstract. Associated to the standard SUq(n) R-matrices, we introduce quantum spheres
S2n−1q , projective quantum spaces CP
n−1
q , and quantum Grassmann manifolds Gk(C
n
q ). These
algebras are shown to be homogeneous spaces of standard quantum groups and are also quantum
principle bundles in the sense of T. Brzezin´ski and S. Majid [1].
1 Introduction
This paper gives a non-commutative generalisation of projective and Grassmann
manifolds in the framework of quantum groups. Quantum groups are Hopf al-
gebras with and additional structure (quasitriangularity or its dual version) and
can be employed to construct a very powerful type of non-commutative geometry.
For an introduction to quantum groups and their numerous other applications see
the review article [4] or the textbooks [7,2]. We use the notation and standard
constructions from [4].
The standard SUq(n) R-matrices were given in [9] as
Rn = q
−1/n

q∑
i
Eii ⊗ Eii +
∑
i 6=j
Eii ⊗Ejj + (q − q
−1)
∑
j>i
Eij ⊗ Eji

 , q ∈ R. (1)
Here Eij denote the elementary matrices with components (Eij)
a
b = δ
a
iδ
j
b. These
R-matrices are invertible solutions of the n-dimensional quantum Yang-Baxter
equation and are of real type, i.e. obey R
ab
n cd = R
dc
n ba. Furthermore, let εa1...an =
εa1...an = (−q)l(σ), where l(σ) is the length of the permutation σ(1, . . . , n) =
(a1, . . . , an), and define quantum determinants as
detq,n = ν
−1
n εa1...ant
a1
b1
. . . tanbnε
bn...b1 .
The normalisation factor is νn = εa1...anε
an...a1 .
In terms of these data, the quantum groups SUq(n) were defined in [9] as the
quotients A(Rn)/detq,n=1. This algebra has well-known antipode S [9, Theorem 4]
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and ∗-structure ta∗b = St
b
a such that tgt
† = g where t† = St and gab = q
2(a−n)−1δab.
We also define quantum groups Uq(n) as the quotients of the algebras A(Rn) by
the relations detq,ndet
∗
q,n = 1. For n = 1, one recovers the undeformed algebra
of complex polynomial functions on U(1), i.e. Uq(1) is the associative C-algebra
generated by elements z and z∗ such that z∗ = z−1.
These quantum groups act covariantly on the algebra of quantum vectors V (Rn)
with generators vi, i ∈ {1, . . . , n} and relations vivj = λ−1n R
ij
n klv
lvk. Here the
normalisation factors are λn = q
1−1/n. The coaction is given by vi 7→ vk ⊗ t†ik.
Similarly, the algebra of quantum covectors V ∗(Rn) has generators xi, relations
xixj = xlxkλ
−1
n R
kl
n ij, and coaction xi 7→ xk ⊗ t
k
i. In terms of these algebras,
we define Cnq = V (Rn)⊗V
∗(Rn) as their braided tensor product (See [5] for an
introduction to braided geometry). For the braiding between V (Rn) and V
∗(Rn)
we do not take the braiding induced by the coaction by SUq(n) as given in [6],
but Ψ(xi ⊗ v
j) = vk ⊗ xlλnR˜
lj
n ik, which differs from the SUq(n)-braiding by a
factor λn, i.e. is the braiding induced by a suitable dilatonic extension of SUq(n).
We equip this algebra with the ∗-structure (1 ⊗ xa)
∗ = va ⊗ 1 and define the
quantum norm Nq,n = v
a⊗ gbaxb where g
b
a = λnR˜
bc
n ca. The matrix R˜ is defined as
((Rt2)−1)t2 , where t2 denotes transposition in the second tensor component. Since
Rn is of real type, g is symmetric and the quantum norm is real. It is known from
[6, Theorem 3.6] that for any invertible solution R of the quantum Yang-Baxter
equation the quantum norm is also central. For the R-matrices (1), this general
construction reproduces the q-metric introduced above: one finds
R˜n = q
1/n

q−1∑
i
Eii ⊗Eii +
∑
i 6=j
Eii ⊗ Ejj − (q − q
−1)
∑
j>i
q−2(j−i)Eij ⊗ Eji

 ,
and hence gab = q
2(a−n)−1δba.
We will use the algebras Cnq to define quantum spheres and complex projective
quantum spaces. These algebras are then recovered as base spaces of quantum
principle bundles with Uq(n) and SUq(n) as structure groups. The appropriate
definition of a quantum principle bundle was given by T. Brzezin´ski and S. Majid
in [1, Definition 4.1]: an algebra P is a quantum principle bundle with structure
quantum group A and base B if (i) A is a Hopf algebra, (ii) P is a left A-comodule
algebra with coaction β : P → A⊗P , and (iii) B = PA = {u ∈ P : β(u) = 1⊗u}
is the subalgebra of A-invariant elements of P . Additionally, there is a freeness
and an exactness condition. However, if B is a quantum homogeneous space, i.e.
if there is a Hopf algebra surjection π : P → A between Hopf algebras A and P
and if additionally
ker π ⊂ ·(ker π|B ⊗ P ) (2)
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then the freeness and exactness condition are automatically satisfied [1, Lemma
5.2] and the quantum homogeneous space B = PA is a quantum principle bundle.
In this case the map π is called exact.
2 Quantum spheres S2n−1q
Quantum spheres are quotients of Cnq and feature as base spaces of various quan-
tum principle bundles.
DEFINITION 2.1 Quantum spheres S2n−1q are defined as the quotients C
n
q /Nq,n=1.
Due to the relation tgt† = g, the quantum spheres S2n−1q are covariantly coacted
upon by both Uq(n) and SUq(n). For the special cases where n equals 1 or 2, one
finds:
EXAMPLE 2.2 S1q
∼= Uq(1) and S
3
q
∼= SUq(2) as ∗-algebras.
Proof. The first isomorphism is trivial and the second one is easily established by
rescaling of the generators of S3q . This isomorphism only holds if one introduces
the normalisation factor λ2 in the definition of the braiding in C
2
q.
PROPOSITION 2.3 There are n ∗-algebra injections ım : S
2n−1
q →֒ Uq(n).
Proof. In this proof, there is no summation over the variable m. Define the
maps ım by xa 7→ t
m
a . By inspection of (1) one finds R
mm
n cd = q
1−1/nδmc δ
m
d and
hence the relations in A(Rn) imply q
1−1/ntmat
m
b = R
mm
n cd t
c
at
d
b = t
m
d t
m
cR
cd
n ab, i.e. the
generators tma , a ∈ {1, . . . , n} obey the relations of V
∗(Rn). Since Rn is of real type,
the generators t†am, a ∈ {1, . . . , n} then obey the V (Rn)-relations. Next note that
the relations in A(Rn) can be written as t
†a
bR
cb
n det
d
g = t
c
dR
da
n gbt
†b
e and hence with
R amn mg = q
1−1/nδamδ
m
g one finds t
m
i t
†j
m = R˜
dj
n if t
†f
b R
mb
n cmt
c
d = q
1−1/nR˜ djn if t
†f
mt
m
d .
Thus the relations between tmi and t
†j
m reproduce the braiding between V (Rn) and
V ∗(Rn) given above. This is the place where one needs the normalisation factor λn
in the definition of the braiding. Finally note, that t†amg
b
at
m
b = λnt
†a
mR˜
bi
n iat
m
b =
tmi t
†i
m = 1. Hence the maps ım are ∗-algebra injections.
For the construction of quantum principle bundles over these quantum spheres we
need the following lemma:
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LEMMA 2.4 There are surjective ∗-Hopf algebra morphisms
αn : Uq(n) → Uq(n− 1)
γn : SUq(n) → SUq(n− 1).
Proof. By inspection of (1) one finds that for i, j > 1, R ijn kl = R
(i−1)(j−1)
n−1 (k−1)(l−1) and
also that R 11n ij = q
1−1/nδ1iδ
1
j. Thus the elements t
i
j; i, j ∈ {2, . . . , n} of A(Rn)
obey the relations of A(Rn−1) and the quotient maps by the ideal generated by
t11 = 1 and t
1
i = t
i
1 = 0, i ∈ {2, . . . , n} are surjections A(Rn) → A(Rn−1).
These quotient maps also have the property detq,n 7→ detq,n−1 and thus descend
to surjective ∗-Hopf algebra maps Uq(n)→ Uq(n− 1) and SUq(n)→ SUq(n− 1),
which we denote by αn and γn, respectively.
THEOREM 2.5 The Hopf algebra Uq(n) is a quantum principle bundle with
base S2n−1q and structure quantum group Uq(n− 1):
S2n−1q
∼= Uq(n)
Uq(n−1) (3)
The left covariant coaction of Uq(n−1) on Uq(n) is given by (αn⊗id)◦∆ in terms
of the morphism αn from lemma 2.4.
Proof. The subalgebra of Uq(n − 1)-invariant elements of Uq(n) is generated by
t1i, i ∈ {1, . . . , n} and their conjugates. Proposition 2.3 then implies (3). Since
kerαn = kerαn|S2n−1q the maps αn are exact in the sense of (2) and the quantum
homogeneous space is a quantum principle bundle.
One can repeat this construction with the maps γn : SUq(n) → SUq(n) from
lemma 2.4 to establish that SUq(n) is also a quantum principle bundle over a
quantum sphere:
THEOREM 2.6 The Hopf algebra SUq(n) is a quantum principle bundle with
base S2n−1q and structure quantum group SUq(n− 1):
S2n−1q
∼= SUq(n)
SUq(n−1)
The left covariant coaction of SUq(n− 1) on SUq(n) is given by (γn ⊗ id) ◦∆.
3 Complex projective quantum spaces
We now turn our attention to complex projective spaces which are defined as
Uq(1)-covariant subalgebras of quantum spheres S
2n−1
q . For this purpose note
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that by virtue of lemma 2.4, the right covariant ∗-coaction β : Cnq → C
n
q ⊗ Uq(n)
descends to a covariant Uq(1)-coaction defined as (id ⊗ (α2 ◦ α3 ◦ . . . ◦ αn)) ◦ β.
This coaction is given explicitly by xi 7→ xi ⊗ z and also descends to a covariant
∗-coaction on S2n−1q .
DEFINITION 3.1 Complex projective quantum space CPnq is defined as
CP
n−1
q = (S
2n−1
q )
Uq(1),
the subalgebra of Uq(1)-invariant elements of the quantum sphere S
2n−1
q .
Since quantum projective spaces are merely subalgebras of quantum spheres S2n−1q ,
they are also covariantly coacted upon by SUq(n) and Uq(n). Note also that their
relations are independent of the normalisation factor λn which we introduced in
the definition of Cnq , i.e. at this stage one could work with the standard SUq(n)-
braiding.
For the construction of quantum principle bundles on these complex projective
quantum spaces we need the following lemma:
LEMMA 3.2 There are a surjective ∗-Hopf algebra morphisms
δn : SUq(n)→ Uq(n− 1).
Proof. The proof is similar to the proof of lemma 2.4. The maps δn are defined
like βn with the only difference that δn(t
1
1) = (detq,n−1)
∗.
THEOREM 3.3 The Hopf algebra SUq(n) is a quantum principle bundle with
base CPn−1q and structure quantum group Uq(n− 1):
CP
n−1
q
∼= SUq(n)
Uq(n−1).
The coaction of Uq(n− 1) on SUq(n) is given by (δn ⊗ id) ◦∆.
Proof. In this case, invariant generators are products t†i1t
1
j, i, j ∈ {1, . . . , n}
which generate the subalgebra of Uq(1)-invariant elements of S
2n−1
q , i.e. CP
n−1
q .
The kernel of δn is generated by t
i
1 and t
1
i, where i ∈ {2, . . . n} and the kernel
of the restricted map ker δn|CPn−1q
has generators t1it
†j
1 where either i or j is
larger that 1. The exactness of δn is then established by the trivial observation
t†i1 = ·(t
†i
1t
1
j ⊗ t
†j
1) and the relation t
1
i = t
1
it
†j
1g
k
jt
1
k = λnR˜
dj
n if t
†f
1t
1
dg
k
jt
1
k =
5
·(t†f1t
1
d ⊗ λnR˜
dj
n ifg
k
jt
1
k). Here we used the formulae from the proof of proposition
2.3 and the fact that for i 6= 1, R˜ djn if is non-zero only if d 6= 1.
As a corollary of theorem 2.5 one finds with definition 3.1 that complex projective
quantum spaces CPnq can also be regarded as homogeneous quantum spaces of
Uq(n):
THEOREM 3.4 The Hopf algebra Uq(n) is a quantum principle bundle with
base CPnq and structure quantum group Uq(1)⊗ Uq(n− 1):
CP
n
q
∼= Uq(n)
Uq(1)⊗Uq(n−1)
The covariant coaction by Uq(1)⊗Uq(n−1) is given explicitly in the next section,
where we generalise this construction to quantum Grassmann manifolds.
We now restrict our attention to the case of n = 2. In this case, the algebra
SUq(2)
Uq(1) is a deformation of the two-sphere and was already discussed by P.
Podles` in [8], where it was denoted by S2q . As a corollary of theorem 3.3 we hence
find:
COROLLARY 3.5 Projective quantum space CP1q is isomorphic to Podles`’s quan-
tum sphere S2q .
The n = 2 case is also in the undeformed case quite remarkable since all spaces
involved are spheres: SU(2) ∼= S3, U(1) ∼= S1 and CP1 ∼= S2. The correspond-
ing principle bundle is the celebrated Hopf fibration of the three sphere. In the
quantum case one finds with example 2.2 and theorem 3.3:
COROLLARY 3.6 ( Hopf fibration of the quantum 3-sphere) There is a
quantum principle bundle
S2q
∼= (S3q )
S1q (4)
The quantum homogeneous space (4) was already discussed in [11], although not
as quantum principle bundles, an appropriate definition of which was only given
a few years later.
4 Quantum Grassmann manifolds
The construction encountered in theorem 3.4 can be generalised to give a definition
of quantum Grassmann manifolds as quantum principle bundles. For this purpose,
we prove the following lemma:
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LEMMA 4.1 There are surjective ∗-Hopf algebra morphisms
αk,n : Uq(n)→ Uq(k)⊗ Uq(n− k).
Proof. Note that for i, j < n, R ijn kl = R
ij
n−1 kl, i.e. the elements t
i
j ; i, j ∈
{1, . . . , n − 1} of A(Rn) obey the relations of A(Rn−1). Similar to lemma 2.4
one can thus define surjective ∗-Hopf algebra morphisms α′n : Uq(n) → Uq(n− 1)
by dividing by tnn = 1 (no summation!) and t
n
i = t
i
n = 0, i ∈ {1, . . . , n− 1}. The
maps ((αk+1◦αk+2◦ . . .◦αn)⊗(α
′
n−k+1◦ . . .◦α
′
n))◦∆ are then the required ∗-Hopf
algebra maps αk,n.
The covariant coaction by Uq(1)⊗Uq(n−1) on Uq(n) from theorem 3.4 is given by
(α1,n⊗ id)◦∆. However, the real merit of this lemma is that it leads to a straight-
forward generalisation from quantum projective spaces to quantum Grassmann
manifolds:
DEFINITION 4.2 Quantum Grassmann manifolds are defined as the quantum
principle bundles
Gk(C
n
q ) = Uq(n)
Uq(k)⊗Uq(n−k)
where the covariant coaction is given by (αk,n ⊗ id) ◦∆. This definition includes
the case of projective quantum spaces as G1(C
n
q ) = CP
n
q .
A useful set of generators of Gk(C
n
q ) is given by the elements
(εc1...ckt
c1
a1 . . . t
ck
ak
)∗(εd1...dkt
d1
b1
. . . tdkbk),
where ci, di ∈ {1, . . . , k} and ai, bi ∈ {1, . . . , n}.
An earlier paper by E. Taft and J. Towber [10] (see also [3]) presented a related
approach to quantum Grassmann manifolds and studied the algebra generated
by elements εd1...dkt
d1
b1
. . . tdkbk , where the t
a
b are the generators of A(Rn) and not
of the quotient Uq(n). Thus a quotient of a subalgebra of the algebra from [10,
Proposition 3.4] is the quantum Grassmann manifold Gk(C
n
q ).
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